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Preliminaries
Central theme: 

How do walk structure and centrality behavior relate?



Preliminaries

How do walk structure and centrality behavior relate?
⇥
e�A

⇤
jj

<latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit>

Subgraph 
centrality

Personalized

PageRank

Total

communicability

[(I � �P )�1eS ]j
<latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit>

⇥
e�A1

⇤
j

<latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit>



Preliminaries

How do walk structure and centrality behavior relate?
⇥
e�A

⇤
jj

<latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit>

Closed L-walks Subgraph 
centrality

Personalized

PageRank

All L-walks Total

communicability

[(I � �P )�1eS ]j
<latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit>

⇥
e�A1

⇤
j

<latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit>

h
A`ej

i

j
<latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit><latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit><latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit><latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit>

h
A`1

i

j
<latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit><latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit><latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit><latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit>

h
P `eS

i

j
<latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit><latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit><latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit><latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit>

Transition

probabilities



Preliminaries

How do walk structure and centrality behavior relate?
⇥
e�A

⇤
jj

<latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit><latexit sha1_base64="hmzXmI2j0G5VuVyyVyqUh2eF+G4=">AAACFnicbVC7TsMwFHV4U14FRhaLComFKkFIMPJYGItEW6QkVI5707o4D9k3SFWUr2DhV1gYQIgVsfE3OG0HoBzJ9tE598r3niCVQqNtf1kzs3PzC4tLy5WV1bX1jermVksnmeLQ5IlM1E3ANEgRQxMFSrhJFbAokNAO7i5Kv30PSoskvsZhCn7EerEIBWdopE71wJMQokvhNqdeAMjMnciuHkbmyc+KgnpK9Prod/LBoOhUa3bdHoFOE2dCamSCRqf66XUTnkUQI5dMa9exU/RzplBwCUXFyzSkjN+xHriGxiwC7eejtQq6Z5QuDRNlTox0pP7syFmky0FNZcSwr/96pfif52YYnvi5iNMMIebjj8JMUkxomRHtCgUc5dAQxpUws1LeZ4pxNElWTAjO35WnSeuw7th15+qodno+iWOJ7JBdsk8cckxOySVpkCbh5IE8kRfyaj1az9ab9T4unbEmPdvkF6yPb9hun9A=</latexit>

Closed L-walks

Transition

probabilities

Subgraph 
centrality

Personalized

PageRank

All L-walks Total

communicability

[(I � �P )�1eS ]j
<latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit><latexit sha1_base64="EmLyleNyMWT5GdJyYJHQOHzH1Yw=">AAACJ3icbVBNS8NAEN34WetX1aOXxSLowZKIoCcpetFbRatCE8NmO9G1mw92J2IJ+Tde/CteBBXRo//Ebe2hWh8s+3hvhpl5QSqFRtv+tMbGJyanpksz5dm5+YXFytLyuU4yxaHJE5moy4BpkCKGJgqUcJkqYFEg4SLoHPb8iztQWiTxGXZT8CJ2HYtQcIZG8iv7LbrhBols625kvvy4oFvUDQDZsNooNq/yLaegLsI9BmEOhX9KPf/Wr1Ttmt0HHSXOgFTJAA2/8uK2E55FECOXTOuWY6fo5Uyh4BKKsptpSBnvsGtoGRqzCLSX9+8s6LpR2jRMlHkx0r463JGzSPc2NpURwxv91+uJ/3mtDMM9LxdxmiHE/GdQmEmKCe2FRttCAUfZNYRxJcyulN8wxTiaaMsmBOfvyaPkfLvm2DXnZKdaPxjEUSKrZI1sEIfskjo5Ig3SJJw8kCfySt6sR+vZerc+fkrHrEHPCvkF6+sbBAKmCQ==</latexit>

⇥
e�A1

⇤
j

<latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit><latexit sha1_base64="f6bngouNzPF18MgeTmFo3YP96To=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiB4CjMS0GPUi8cIZoHMGHo6NUmbnoXuGjEM+REv/ooXD4p48CL+jZ3loIkPmn68V0VVPT+RQqNtf1u5peWV1bX8emFjc2t7p7i719BxqjjUeSxj1fKZBikiqKNACa1EAQt9CU1/cDn2m/egtIijGxwm4IWsF4lAcIZG6hQrroQA2xRuM+r6gMz1Y9nVw9B82floRF2EB/SDzDFUiV4fvc5dp1iyy/YEdJE4M1IiM9Q6xU+3G/M0hAi5ZFq3HTtBL2MKBZcwKriphoTxAetB29CIhaC9bHLdiB4ZpUuDWJkXIZ2ovzsyFurxwqYyZNjX895Y/M9rpxiceZmIkhQh4tNBQSopxnQcFe0KBRzl0BDGlTC7Ut5ninE0gRZMCM78yYukcVJ27LJzXSlVL2Zx5MkBOSTHxCGnpEquSI3UCSeP5Jm8kjfryXqx3q2PaWnOmvXskz+wvn4Aefaixg==</latexit>

h
A`ej

i

j
<latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit><latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit><latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit><latexit sha1_base64="zzQJZaPprMjWylLsHLdF5hoGaeI=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigx6gXjwpmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfflrc5C5IWVAX4QGDMIfCv6WuEt0eev6tX67YVXsIOk2cMamQMS798qfbSXgWQYxcMq3bjp2ilzOFgksoSm6mIWX8jnWhbWjMItBePjyuoHtG6dAwUebFSIfq746cRXqwuKmMGPb0pDcQ//PaGYYnXi7iNEOI+WhQmEmKCR0kRTtCAUfZN4RxJcyulPeYYhxNniUTgjN58jRpHFQdu+pcHVVqZ+M4lsgO2SX7xCHHpEYuyCWpE04eyTN5JW/Wk/VivVsfo9IZa9yzTf7A+voBdiCi1Q==</latexit>

h
A`1

i

j
<latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit><latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit><latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit><latexit sha1_base64="fnU69cBuriSGvB9W6hc+37LDPvA=">AAACGnicbVDJSgNBEO1xjXGLevTSGARPYUYEPUa9eIxgFsiMoadTk7TpWeiuEcMw3+HFX/HiQRFv4sW/sbMcNPFB04/3qqiq5ydSaLTtb2thcWl5ZbWwVlzf2NzaLu3sNnScKg51HstYtXymQYoI6ihQQitRwEJfQtMfXI785j0oLeLoBocJeCHrRSIQnKGROiXHlRBgm7p+LLt6GJovO89vMxekzKmL8IB+kDmGKtHro9e565TKdsUeg84TZ0rKZIpap/TpdmOehhAhl0zrtmMn6GVMoeAS8qKbakgYH7AetA2NWAjay8an5fTQKF0axMq8COlY/d2RsVCP1jaVIcO+nvVG4n9eO8XgzMtElKQIEZ8MClJJMaajnGhXKOAoh4YwroTZlfI+U4yjSbNoQnBmT54njeOKY1ec65Ny9WIaR4HskwNyRBxySqrkitRInXDySJ7JK3mznqwX6936mJQuWNOePfIH1tcPgguhxA==</latexit>

[f(�M)s(j)]j
<latexit sha1_base64="kTOk6RvRPdqCOgT+gjhcaI4MtYU=">AAACIHicbVBLSwMxEM76tr6qHr0Ei1AvZVeEehS9eBEq2AfsLks2nW2j2QfJrFiW/hQv/hUvHhTRm/4a08dBqwPJfPm+GTLzhZkUGm3705qbX1hcWl5ZLa2tb2xulbd3WjrNFYcmT2WqOiHTIEUCTRQooZMpYHEooR3eno/09h0oLdLkGgcZ+DHrJSISnKGhgnLdkxChS6Mq9UJAZu5UdvUgNqm4HB5SD+Eew6jQw+qNeSnR66Mf3ATlil2zx0H/AmcKKmQajaD84XVTnseQIJdMa9exM/QLplBwCcOSl2vIGL9lPXANTFgM2i/GCw7pgWG6NEqVOQnSMfuzo2CxHs1sKmOGfT2rjcj/NDfH6MQvRJLlCAmffBTlkmJKR27RrlDAUQ4MYFwJMyvlfaYYR+NpyZjgzK78F7SOao5dc66OK6dnUztWyB7ZJ1XikDo5JRekQZqEkwfyRF7Iq/VoPVtv1vukdM6a9uySX2F9fQNAI6MJ</latexit><latexit sha1_base64="kTOk6RvRPdqCOgT+gjhcaI4MtYU=">AAACIHicbVBLSwMxEM76tr6qHr0Ei1AvZVeEehS9eBEq2AfsLks2nW2j2QfJrFiW/hQv/hUvHhTRm/4a08dBqwPJfPm+GTLzhZkUGm3705qbX1hcWl5ZLa2tb2xulbd3WjrNFYcmT2WqOiHTIEUCTRQooZMpYHEooR3eno/09h0oLdLkGgcZ+DHrJSISnKGhgnLdkxChS6Mq9UJAZu5UdvUgNqm4HB5SD+Eew6jQw+qNeSnR66Mf3ATlil2zx0H/AmcKKmQajaD84XVTnseQIJdMa9exM/QLplBwCcOSl2vIGL9lPXANTFgM2i/GCw7pgWG6NEqVOQnSMfuzo2CxHs1sKmOGfT2rjcj/NDfH6MQvRJLlCAmffBTlkmJKR27RrlDAUQ4MYFwJMyvlfaYYR+NpyZjgzK78F7SOao5dc66OK6dnUztWyB7ZJ1XikDo5JRekQZqEkwfyRF7Iq/VoPVtv1vukdM6a9uySX2F9fQNAI6MJ</latexit><latexit sha1_base64="kTOk6RvRPdqCOgT+gjhcaI4MtYU=">AAACIHicbVBLSwMxEM76tr6qHr0Ei1AvZVeEehS9eBEq2AfsLks2nW2j2QfJrFiW/hQv/hUvHhTRm/4a08dBqwPJfPm+GTLzhZkUGm3705qbX1hcWl5ZLa2tb2xulbd3WjrNFYcmT2WqOiHTIEUCTRQooZMpYHEooR3eno/09h0oLdLkGgcZ+DHrJSISnKGhgnLdkxChS6Mq9UJAZu5UdvUgNqm4HB5SD+Eew6jQw+qNeSnR66Mf3ATlil2zx0H/AmcKKmQajaD84XVTnseQIJdMa9exM/QLplBwCcOSl2vIGL9lPXANTFgM2i/GCw7pgWG6NEqVOQnSMfuzo2CxHs1sKmOGfT2rjcj/NDfH6MQvRJLlCAmffBTlkmJKR27RrlDAUQ4MYFwJMyvlfaYYR+NpyZjgzK78F7SOao5dc66OK6dnUztWyB7ZJ1XikDo5JRekQZqEkwfyRF7Iq/VoPVtv1vukdM6a9uySX2F9fQNAI6MJ</latexit><latexit sha1_base64="kTOk6RvRPdqCOgT+gjhcaI4MtYU=">AAACIHicbVBLSwMxEM76tr6qHr0Ei1AvZVeEehS9eBEq2AfsLks2nW2j2QfJrFiW/hQv/hUvHhTRm/4a08dBqwPJfPm+GTLzhZkUGm3705qbX1hcWl5ZLa2tb2xulbd3WjrNFYcmT2WqOiHTIEUCTRQooZMpYHEooR3eno/09h0oLdLkGgcZ+DHrJSISnKGhgnLdkxChS6Mq9UJAZu5UdvUgNqm4HB5SD+Eew6jQw+qNeSnR66Mf3ATlil2zx0H/AmcKKmQajaD84XVTnseQIJdMa9exM/QLplBwCcOSl2vIGL9lPXANTFgM2i/GCw7pgWG6NEqVOQnSMfuzo2CxHs1sKmOGfT2rjcj/NDfH6MQvRJLlCAmffBTlkmJKR27RrlDAUQ4MYFwJMyvlfaYYR+NpyZjgzK78F7SOao5dc66OK6dnUztWyB7ZJ1XikDo5JRekQZqEkwfyRF7Iq/VoPVtv1vukdM6a9uySX2F9fQNAI6MJ</latexit>

General
h
M `s(j)

i

j
<latexit sha1_base64="XFjySvoxDQ4wsErd9RGKlgr52jQ=">AAACHXicbVA9SwNBEN3zM8avqKXNYhBiE+4koGXQxkZQMBrInWFvM5dssvfB7pwYjvsjNv4VGwtFLGzEf+MmptDEB8s+3pthZp6fSKHRtr+sufmFxaXlwkpxdW19Y7O0tX2t41RxaPBYxqrpMw1SRNBAgRKaiQIW+hJu/MHpyL+5A6VFHF3hMAEvZN1IBIIzNFK7VHMlBNiirh/Ljh6G5svO89vMBSlz6iLcox9kOq/0D6irRLeHXrvfLpXtqj0GnSXOhJTJBBft0ofbiXkaQoRcMq1bjp2glzGFgkvIi26qIWF8wLrQMjRiIWgvG1+X032jdGgQK/MipGP1d0fGQj3a3FSGDHt62huJ/3mtFINjLxNRkiJE/GdQkEqKMR1FRTtCAUc5NIRxJcyulPeYYhxNoEUTgjN98iy5Pqw6dtW5rJXrJ5M4CmSX7JEKccgRqZMzckEahJMH8kReyKv1aD1bb9b7T+mcNenZIX9gfX4Dv22i6w==</latexit><latexit sha1_base64="XFjySvoxDQ4wsErd9RGKlgr52jQ=">AAACHXicbVA9SwNBEN3zM8avqKXNYhBiE+4koGXQxkZQMBrInWFvM5dssvfB7pwYjvsjNv4VGwtFLGzEf+MmptDEB8s+3pthZp6fSKHRtr+sufmFxaXlwkpxdW19Y7O0tX2t41RxaPBYxqrpMw1SRNBAgRKaiQIW+hJu/MHpyL+5A6VFHF3hMAEvZN1IBIIzNFK7VHMlBNiirh/Ljh6G5svO89vMBSlz6iLcox9kOq/0D6irRLeHXrvfLpXtqj0GnSXOhJTJBBft0ofbiXkaQoRcMq1bjp2glzGFgkvIi26qIWF8wLrQMjRiIWgvG1+X032jdGgQK/MipGP1d0fGQj3a3FSGDHt62huJ/3mtFINjLxNRkiJE/GdQkEqKMR1FRTtCAUc5NIRxJcyulPeYYhxNoEUTgjN98iy5Pqw6dtW5rJXrJ5M4CmSX7JEKccgRqZMzckEahJMH8kReyKv1aD1bb9b7T+mcNenZIX9gfX4Dv22i6w==</latexit><latexit sha1_base64="XFjySvoxDQ4wsErd9RGKlgr52jQ=">AAACHXicbVA9SwNBEN3zM8avqKXNYhBiE+4koGXQxkZQMBrInWFvM5dssvfB7pwYjvsjNv4VGwtFLGzEf+MmptDEB8s+3pthZp6fSKHRtr+sufmFxaXlwkpxdW19Y7O0tX2t41RxaPBYxqrpMw1SRNBAgRKaiQIW+hJu/MHpyL+5A6VFHF3hMAEvZN1IBIIzNFK7VHMlBNiirh/Ljh6G5svO89vMBSlz6iLcox9kOq/0D6irRLeHXrvfLpXtqj0GnSXOhJTJBBft0ofbiXkaQoRcMq1bjp2glzGFgkvIi26qIWF8wLrQMjRiIWgvG1+X032jdGgQK/MipGP1d0fGQj3a3FSGDHt62huJ/3mtFINjLxNRkiJE/GdQkEqKMR1FRTtCAUc5NIRxJcyulPeYYhxNoEUTgjN98iy5Pqw6dtW5rJXrJ5M4CmSX7JEKccgRqZMzckEahJMH8kReyKv1aD1bb9b7T+mcNenZIX9gfX4Dv22i6w==</latexit><latexit sha1_base64="XFjySvoxDQ4wsErd9RGKlgr52jQ=">AAACHXicbVA9SwNBEN3zM8avqKXNYhBiE+4koGXQxkZQMBrInWFvM5dssvfB7pwYjvsjNv4VGwtFLGzEf+MmptDEB8s+3pthZp6fSKHRtr+sufmFxaXlwkpxdW19Y7O0tX2t41RxaPBYxqrpMw1SRNBAgRKaiQIW+hJu/MHpyL+5A6VFHF3hMAEvZN1IBIIzNFK7VHMlBNiirh/Ljh6G5svO89vMBSlz6iLcox9kOq/0D6irRLeHXrvfLpXtqj0GnSXOhJTJBBft0ofbiXkaQoRcMq1bjp2glzGFgkvIi26qIWF8wLrQMjRiIWgvG1+X032jdGgQK/MipGP1d0fGQj3a3FSGDHt62huJ/3mtFINjLxNRkiJE/GdQkEqKMR1FRTtCAUc5NIRxJcyulPeYYhxNoEUTgjN98iy5Pqw6dtW5rJXrJ5M4CmSX7JEKccgRqZMzckEahJMH8kReyKv1aD1bb9b7T+mcNenZIX9gfX4Dv22i6w==</latexit>

h
P `eS

i

j
<latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit><latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit><latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit><latexit sha1_base64="QUknf6NpCneHSv28ADaKb764bRk=">AAACHHicbVDJSgNBEO1xN25Rj14ag+ApzKigR9GLx4hmgcw49HRqktaehe4aMQzzIV78FS8eFPHiQfBv7CwHTXzQ9OO9KqrqBakUGm3725qZnZtfWFxaLq2srq1vlDe3GjrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRncnQ/85j0oLZL4GvspeBHrxiIUnKGR/PKhKyHENnWDRHZ0PzJfXituchekLKiL8IBBmEPhX1FXiW4PPf/WL1fsqj0EnSbOmFTIGDW//Ol2Ep5FECOXTOu2Y6fo5Uyh4BKKkptpSBm/Y11oGxqzCLSXD48r6J5ROjRMlHkx0qH6uyNnkR4sbiojhj096Q3E/7x2huGJl4s4zRBiPhoUZpJiQgdJ0Y5QwFH2DWFcCbMr5T2mGEeTZ8mE4EyePE0aB1XHrjqXR5XTs3EcS2SH7JJ94pBjckouSI3UCSeP5Jm8kjfryXqx3q2PUemMNe7ZJn9gff0AauuizQ==</latexit>



Preliminaries

How do walk structure and centrality behavior relate?

Fix a graph matrix M
<latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit>

f(·)
<latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit>

s(·)
<latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit>

a vector function
and suitable function

diagonalizable

pos power series
e.g. 1, ej , eS

<latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit>



Preliminaries

How do walk structure and centrality behavior relate?

Fix a graph matrix M
<latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit>

f(·)
<latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit>

s(·)
<latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit>

a vector function
and suitable function

diagonalizable

pos power series
e.g. 1, ej , eS

<latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit>

Positive Power Series: 
An analytic function with a power series with 
all positive coefficients: (1� �x)�1, e�x

<latexit sha1_base64="XN51F0ECoTYgpRhrzo9m32SnLQA=">AAACCXicbVDLSgNBEJz1GeNr1aOXwSBEMGFXBD0GvXiMYB6QbMLspDcZMvtgZlYMy+boxV/x4kERr/6BN//GSbIHTSxoKKq66e5yI86ksqxvY2l5ZXVtPbeR39za3tk19/brMowFhRoNeSiaLpHAWQA1xRSHZiSA+C6Hhju8nviNexCShcGdGkXg+KQfMI9RorTUNXHRxiXcdkER/HDSSUp2ejoeQyfJpLRrFqyyNQVeJHZGCihDtWt+tXshjX0IFOVEypZtRcpJiFCMckjz7VhCROiQ9KGlaUB8kE4y/STFx1rpYS8UugKFp+rviYT4Uo58V3f6RA3kvDcR//NasfIunYQFUawgoLNFXsyxCvEkFtxjAqjiI00IFUzfiumACEKVDi+vQ7DnX14k9bOybZXt2/NC5SqLI4cO0REqIhtdoAq6QVVUQxQ9omf0it6MJ+PFeDc+Zq1LRjZzgP7A+PwB3UWYkQ==</latexit><latexit sha1_base64="XN51F0ECoTYgpRhrzo9m32SnLQA=">AAACCXicbVDLSgNBEJz1GeNr1aOXwSBEMGFXBD0GvXiMYB6QbMLspDcZMvtgZlYMy+boxV/x4kERr/6BN//GSbIHTSxoKKq66e5yI86ksqxvY2l5ZXVtPbeR39za3tk19/brMowFhRoNeSiaLpHAWQA1xRSHZiSA+C6Hhju8nviNexCShcGdGkXg+KQfMI9RorTUNXHRxiXcdkER/HDSSUp2ejoeQyfJpLRrFqyyNQVeJHZGCihDtWt+tXshjX0IFOVEypZtRcpJiFCMckjz7VhCROiQ9KGlaUB8kE4y/STFx1rpYS8UugKFp+rviYT4Uo58V3f6RA3kvDcR//NasfIunYQFUawgoLNFXsyxCvEkFtxjAqjiI00IFUzfiumACEKVDi+vQ7DnX14k9bOybZXt2/NC5SqLI4cO0REqIhtdoAq6QVVUQxQ9omf0it6MJ+PFeDc+Zq1LRjZzgP7A+PwB3UWYkQ==</latexit><latexit sha1_base64="XN51F0ECoTYgpRhrzo9m32SnLQA=">AAACCXicbVDLSgNBEJz1GeNr1aOXwSBEMGFXBD0GvXiMYB6QbMLspDcZMvtgZlYMy+boxV/x4kERr/6BN//GSbIHTSxoKKq66e5yI86ksqxvY2l5ZXVtPbeR39za3tk19/brMowFhRoNeSiaLpHAWQA1xRSHZiSA+C6Hhju8nviNexCShcGdGkXg+KQfMI9RorTUNXHRxiXcdkER/HDSSUp2ejoeQyfJpLRrFqyyNQVeJHZGCihDtWt+tXshjX0IFOVEypZtRcpJiFCMckjz7VhCROiQ9KGlaUB8kE4y/STFx1rpYS8UugKFp+rviYT4Uo58V3f6RA3kvDcR//NasfIunYQFUawgoLNFXsyxCvEkFtxjAqjiI00IFUzfiumACEKVDi+vQ7DnX14k9bOybZXt2/NC5SqLI4cO0REqIhtdoAq6QVVUQxQ9omf0it6MJ+PFeDc+Zq1LRjZzgP7A+PwB3UWYkQ==</latexit><latexit sha1_base64="XN51F0ECoTYgpRhrzo9m32SnLQA=">AAACCXicbVDLSgNBEJz1GeNr1aOXwSBEMGFXBD0GvXiMYB6QbMLspDcZMvtgZlYMy+boxV/x4kERr/6BN//GSbIHTSxoKKq66e5yI86ksqxvY2l5ZXVtPbeR39za3tk19/brMowFhRoNeSiaLpHAWQA1xRSHZiSA+C6Hhju8nviNexCShcGdGkXg+KQfMI9RorTUNXHRxiXcdkER/HDSSUp2ejoeQyfJpLRrFqyyNQVeJHZGCihDtWt+tXshjX0IFOVEypZtRcpJiFCMckjz7VhCROiQ9KGlaUB8kE4y/STFx1rpYS8UugKFp+rviYT4Uo58V3f6RA3kvDcR//NasfIunYQFUawgoLNFXsyxCvEkFtxjAqjiI00IFUzfiumACEKVDi+vQ7DnX14k9bOybZXt2/NC5SqLI4cO0REqIhtdoAq6QVVUQxQ9omf0it6MJ+PFeDc+Zq1LRjZzgP7A+PwB3UWYkQ==</latexit>



Preliminaries

How do walk structure and centrality behavior relate?

Walk centrality Cf (j,�) = [f(�M)s(j)]j
<latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit>

Fix a graph matrix M
<latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit>

f(·)
<latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit><latexit sha1_base64="cWAGMnA2ALH7TlO/Q711xNpKEjA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbNqlm03cnQil9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqAccp92M6UCISjKKVOlG1x8IEz/vliltz5yCrxMtJBXI0+uWvXpiwLOYKmaTGdD03RX9CNQom+bTUywxPKRvRAe9aqmjMjT+Z3zslZ1YJSZRoWwrJXP09MaGxMeM4sJ0xxaFZ9mbif143w+janwiVZsgVWyyKMkkwIbPnSSg0ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti5rn1rz7y0r9Jo+jCCdwClXw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz9jDo+H</latexit>

s(·)
<latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit><latexit sha1_base64="q4wGNWQRGfSf2P9CWz5zShXu1lE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ac0oWw2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAquwXG+rZXVtfWNzdJWeXtnd2/frhy0dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSj66nfuWdK80TewThlfkwGkkecEjBS3654wB4hiHI9qXk0TOC0b1edujMDXiZuQaqoQLNvf3lhQrOYSaCCaN1znRT8nCjgVLBJ2cs0SwkdkQHrGSpJzLSfz06f4BOjhDhKlCkJeKb+nshJrPU4DkxnTGCoF72p+J/XyyC69HMu0wyYpPNFUSYwJHiaAw65YhTE2BBCFTe3YjokilAwaZVNCO7iy8ukfVZ3nbp7e15tXBVxlNAROkY15KIL1EA3qIlaiKIH9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz9LU5QA</latexit>

a vector function
and suitable function

C(·,�)
<latexit sha1_base64="nqO2fFGU2uh22CRqV5k2KVSsdkY=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREBD0We/FYwX5AE8pms2mXbjZhdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBangGhzn21pb39jc2i7tlHf39g8q9uFRRyeZoqxNE5GoXkA0E1yyNnAQrJcqRuJAsG4wbs787iNTmifyASYp82MylDzilICRBnalWfNomMAF9gIG5HxgV526MwdeJW5BqqhAa2B/eWFCs5hJoIJo3XedFPycKOBUsGnZyzRLCR2TIesbKknMtJ/PD5/iM6OEOEqUKQl4rv6eyEms9SQOTGdMYKSXvZn4n9fPILrxcy7TDJiki0VRJjAkeJYCDrliFMTEEEIVN7diOiKKUDBZlU0I7vLLq6RzWXedunt/VW3cFnGU0Ak6RTXkomvUQHeohdqIogw9o1f0Zj1ZL9a79bFoXbOKmWP0B9bnDy+8kh8=</latexit><latexit sha1_base64="nqO2fFGU2uh22CRqV5k2KVSsdkY=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREBD0We/FYwX5AE8pms2mXbjZhdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBangGhzn21pb39jc2i7tlHf39g8q9uFRRyeZoqxNE5GoXkA0E1yyNnAQrJcqRuJAsG4wbs787iNTmifyASYp82MylDzilICRBnalWfNomMAF9gIG5HxgV526MwdeJW5BqqhAa2B/eWFCs5hJoIJo3XedFPycKOBUsGnZyzRLCR2TIesbKknMtJ/PD5/iM6OEOEqUKQl4rv6eyEms9SQOTGdMYKSXvZn4n9fPILrxcy7TDJiki0VRJjAkeJYCDrliFMTEEEIVN7diOiKKUDBZlU0I7vLLq6RzWXedunt/VW3cFnGU0Ak6RTXkomvUQHeohdqIogw9o1f0Zj1ZL9a79bFoXbOKmWP0B9bnDy+8kh8=</latexit><latexit sha1_base64="nqO2fFGU2uh22CRqV5k2KVSsdkY=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREBD0We/FYwX5AE8pms2mXbjZhdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBangGhzn21pb39jc2i7tlHf39g8q9uFRRyeZoqxNE5GoXkA0E1yyNnAQrJcqRuJAsG4wbs787iNTmifyASYp82MylDzilICRBnalWfNomMAF9gIG5HxgV526MwdeJW5BqqhAa2B/eWFCs5hJoIJo3XedFPycKOBUsGnZyzRLCR2TIesbKknMtJ/PD5/iM6OEOEqUKQl4rv6eyEms9SQOTGdMYKSXvZn4n9fPILrxcy7TDJiki0VRJjAkeJYCDrliFMTEEEIVN7diOiKKUDBZlU0I7vLLq6RzWXedunt/VW3cFnGU0Ak6RTXkomvUQHeohdqIogw9o1f0Zj1ZL9a79bFoXbOKmWP0B9bnDy+8kh8=</latexit>

when context is clear

diagonalizable

pos power series
e.g. 1, ej , eS

<latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit><latexit sha1_base64="WYIw7l6wZtilY13XbG5gKzoWcgE=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLqTMiKDLohuXFe0F2lIy6Zk2NnMhOSOWoW/gxldx40IRt27d+Tam7Qi29YfAl/+cQ3J+N5JCo21/W5mFxaXllexqbm19Y3Mrv71T1WGsOFR4KENVd5kGKQKooEAJ9UgB810JNbd/OarX7kFpEQa3OIig5bNuIDzBGRqrnT9sIjyg6yXO8Jj+Mgzbd1O3m3a+YBftseg8OCkUSKpyO//V7IQ89iFALpnWDceOsJUwhYJLGOaasYaI8T7rQsNgwHzQrWS8z5AeGKdDvVCZEyAdu38nEuZrPfBd0+kz7OnZ2sj8r9aI0TtvJSKIYoSATx7yYkkxpKNwaEco4CgHBhhXwvyV8h5TjKOJMGdCcGZXnofqSdGxi871aaF0kcaRJXtknxwRh5yRErkiZVIhnDySZ/JK3qwn68V6tz4mrRkrndklU7I+fwBZWpzY</latexit>



Questions

How do walk structure and centrality behavior relate?

Cf (j,�) = [f(�M)s(j)]j
<latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit>

• when can i,j have same score? 

• what does it mean if they do? 

• when can we say i,j never have same score? 

• If i,j “walk the same” how do scores compare? 



How do walk structure and centrality behavior relate?

Cf (j,�) = [f(�M)s(j)]j
<latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit>

• when can i,j have same score? 

• what does it mean if they do? 

• when can we say i,j never have same score? 

• If i,j “walk the same” how do scores compare? 

Questions
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Each curve represents a node in Zachary’s Karate Club

� 2 (0, 1
�1
)

<latexit sha1_base64="/x0PTzVP9IFVelAq3NGWSj8bHEs=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LblxWsA/oDCWTybShmcyQ3BHKMB/gxl9x40IRt36AO//GtJ2Fth4IHM45N8k9fiK4Btv+tkorq2vrG+XNytb2zu5edf+go+NUUdamsYhVzyeaCS5ZGzgI1ksUI5EvWNcf30z97gNTmsfyHiYJ8yIylDzklICRBtWa6zMg2OUS1+0z7EKoCM2cPHOFuSQgAyc/NSm7Yc+Al4lTkBoq0BpUv9wgpmnEJFBBtO47dgJeRhRwKlhecVPNEkLHZMj6hkoSMe1ls2VyfGKUAIexMkcCnqm/JzISaT2JfJOMCIz0ojcV//P6KYRXXsZlkgKTdP5QmAoMMZ42gwOuGAUxMYRQxc1fMR0RUweY/iqmBGdx5WXSOW84dsO5u6g1r4s6yugIHaM6ctAlaqJb1EJtRNEjekav6M16sl6sd+tjHi1Zxcwh+gPr8weqKZob</latexit><latexit sha1_base64="/x0PTzVP9IFVelAq3NGWSj8bHEs=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LblxWsA/oDCWTybShmcyQ3BHKMB/gxl9x40IRt36AO//GtJ2Fth4IHM45N8k9fiK4Btv+tkorq2vrG+XNytb2zu5edf+go+NUUdamsYhVzyeaCS5ZGzgI1ksUI5EvWNcf30z97gNTmsfyHiYJ8yIylDzklICRBtWa6zMg2OUS1+0z7EKoCM2cPHOFuSQgAyc/NSm7Yc+Al4lTkBoq0BpUv9wgpmnEJFBBtO47dgJeRhRwKlhecVPNEkLHZMj6hkoSMe1ls2VyfGKUAIexMkcCnqm/JzISaT2JfJOMCIz0ojcV//P6KYRXXsZlkgKTdP5QmAoMMZ42gwOuGAUxMYRQxc1fMR0RUweY/iqmBGdx5WXSOW84dsO5u6g1r4s6yugIHaM6ctAlaqJb1EJtRNEjekav6M16sl6sd+tjHi1Zxcwh+gPr8weqKZob</latexit><latexit sha1_base64="/x0PTzVP9IFVelAq3NGWSj8bHEs=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LblxWsA/oDCWTybShmcyQ3BHKMB/gxl9x40IRt36AO//GtJ2Fth4IHM45N8k9fiK4Btv+tkorq2vrG+XNytb2zu5edf+go+NUUdamsYhVzyeaCS5ZGzgI1ksUI5EvWNcf30z97gNTmsfyHiYJ8yIylDzklICRBtWa6zMg2OUS1+0z7EKoCM2cPHOFuSQgAyc/NSm7Yc+Al4lTkBoq0BpUv9wgpmnEJFBBtO47dgJeRhRwKlhecVPNEkLHZMj6hkoSMe1ls2VyfGKUAIexMkcCnqm/JzISaT2JfJOMCIz0ojcV//P6KYRXXsZlkgKTdP5QmAoMMZ42gwOuGAUxMYRQxc1fMR0RUweY/iqmBGdx5WXSOW84dsO5u6g1r4s6yugIHaM6ctAlaqJb1EJtRNEjekav6M16sl6sd+tjHi1Zxcwh+gPr8weqKZob</latexit><latexit sha1_base64="/x0PTzVP9IFVelAq3NGWSj8bHEs=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LblxWsA/oDCWTybShmcyQ3BHKMB/gxl9x40IRt36AO//GtJ2Fth4IHM45N8k9fiK4Btv+tkorq2vrG+XNytb2zu5edf+go+NUUdamsYhVzyeaCS5ZGzgI1ksUI5EvWNcf30z97gNTmsfyHiYJ8yIylDzklICRBtWa6zMg2OUS1+0z7EKoCM2cPHOFuSQgAyc/NSm7Yc+Al4lTkBoq0BpUv9wgpmnEJFBBtO47dgJeRhRwKlhecVPNEkLHZMj6hkoSMe1ls2VyfGKUAIexMkcCnqm/JzISaT2JfJOMCIz0ojcV//P6KYRXXsZlkgKTdP5QmAoMMZ42gwOuGAUxMYRQxc1fMR0RUweY/iqmBGdx5WXSOW84dsO5u6g1r4s6yugIHaM6ctAlaqJb1EJtRNEjekav6M16sl6sd+tjHi1Zxcwh+gPr8weqKZob</latexit>

x : Katz parameter

CKatz(·,�)
<latexit sha1_base64="PHQjmiOXR+wZrGi6qvTeqMCwAR8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJRNBlsRvBTQX7gCaEyWTaDp08mLkRauzCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HTwRXYFnfRmFpeWV1rbhe2tjc2t4xd/daKk4lZU0ai1h2fKKY4BFrAgfBOolkJPQFa/vD+sRv3zOpeBzdwShhbkj6Ee9xSkBLnnlQ97IbAg/jikODGE6x4zMgJ55ZtqrWFHiR2DkpoxwNz/xygpimIYuACqJU17YScDMigVPBxiUnVSwhdEj6rKtpREKm3Gx6/xgfayXAvVjqigBP1d8TGQmVGoW+7gwJDNS8NxH/87op9C7djEdJCiyis0W9VGCI8SQMHHDJKIiRJoRKrm/FdEAkoaAjK+kQ7PmXF0nrrGpbVfv2vFy7yuMookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP9yjlVY=</latexit><latexit sha1_base64="PHQjmiOXR+wZrGi6qvTeqMCwAR8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJRNBlsRvBTQX7gCaEyWTaDp08mLkRauzCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HTwRXYFnfRmFpeWV1rbhe2tjc2t4xd/daKk4lZU0ai1h2fKKY4BFrAgfBOolkJPQFa/vD+sRv3zOpeBzdwShhbkj6Ee9xSkBLnnlQ97IbAg/jikODGE6x4zMgJ55ZtqrWFHiR2DkpoxwNz/xygpimIYuACqJU17YScDMigVPBxiUnVSwhdEj6rKtpREKm3Gx6/xgfayXAvVjqigBP1d8TGQmVGoW+7gwJDNS8NxH/87op9C7djEdJCiyis0W9VGCI8SQMHHDJKIiRJoRKrm/FdEAkoaAjK+kQ7PmXF0nrrGpbVfv2vFy7yuMookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP9yjlVY=</latexit><latexit sha1_base64="PHQjmiOXR+wZrGi6qvTeqMCwAR8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJRNBlsRvBTQX7gCaEyWTaDp08mLkRauzCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HTwRXYFnfRmFpeWV1rbhe2tjc2t4xd/daKk4lZU0ai1h2fKKY4BFrAgfBOolkJPQFa/vD+sRv3zOpeBzdwShhbkj6Ee9xSkBLnnlQ97IbAg/jikODGE6x4zMgJ55ZtqrWFHiR2DkpoxwNz/xygpimIYuACqJU17YScDMigVPBxiUnVSwhdEj6rKtpREKm3Gx6/xgfayXAvVjqigBP1d8TGQmVGoW+7gwJDNS8NxH/87op9C7djEdJCiyis0W9VGCI8SQMHHDJKIiRJoRKrm/FdEAkoaAjK+kQ7PmXF0nrrGpbVfv2vFy7yuMookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP9yjlVY=</latexit><latexit sha1_base64="PHQjmiOXR+wZrGi6qvTeqMCwAR8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJRNBlsRvBTQX7gCaEyWTaDp08mLkRauzCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HTwRXYFnfRmFpeWV1rbhe2tjc2t4xd/daKk4lZU0ai1h2fKKY4BFrAgfBOolkJPQFa/vD+sRv3zOpeBzdwShhbkj6Ee9xSkBLnnlQ97IbAg/jikODGE6x4zMgJ55ZtqrWFHiR2DkpoxwNz/xygpimIYuACqJU17YScDMigVPBxiUnVSwhdEj6rKtpREKm3Gx6/xgfayXAvVjqigBP1d8TGQmVGoW+7gwJDNS8NxH/87op9C7djEdJCiyis0W9VGCI8SQMHHDJKIiRJoRKrm/FdEAkoaAjK+kQ7PmXF0nrrGpbVfv2vFy7yuMookN0hCrIRheohq5RAzURRY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP9yjlVY=</latexit>

y : n - node’s rank 
according to
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Rank-trajectory plot

by continuity, 

at some value   . 

We call these 
collisions.

Cf (j,�) = Cf (i,�)
<latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit><latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit><latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

As    varies, node rankings vary. When nodes i,j swap rank,

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>
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• when can i,j have same score? 

• what does it mean if they do? 

• when can we say i,j never have same score?

Observations about questions…

If i,j never collide, then                               for all    , 
i.e., j is always ranked above i. 

Sufficient Condition: If for   
Then for all  f and   ,  j ranks above i. We say node j 
majorizes node i.

Cf (j,�) > Cf (i,�)
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Then for all  f and   ,  j ranks above i. We say node j 
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<latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Nodes that majorize always rank higher

Proof sketch:



Sufficient Condition: If for   
Then for all  f and   ,  j ranks above i. We say node j 
majorizes node i.
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<latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit><latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit><latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit><latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit>

` 2 N
<latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Nodes that majorize always rank higher

Proof sketch:
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<latexit sha1_base64="dEHD82Nxz/hEOmHEuEXEEmdIYXk="></latexit><latexit sha1_base64="4b35GzhFOcxzg4FHK4AQqhKHrU4="></latexit><latexit sha1_base64="4b35GzhFOcxzg4FHK4AQqhKHrU4="></latexit><latexit sha1_base64="8zabsNwmbXk8Te3oHIHCPGXYfiA="></latexit>
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<latexit sha1_base64="wuZpMV5mRrMspi2Nj/WUtkLfmKQ="></latexit><latexit sha1_base64="MDMM72ZK+RQC5kDObVqTIR48d7k="></latexit><latexit sha1_base64="MDMM72ZK+RQC5kDObVqTIR48d7k="></latexit><latexit sha1_base64="DRBAfIsXAwuNdl4pF6NoS9xmjEA="></latexit>
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<latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit><latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit><latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit><latexit sha1_base64="0g7ciGbWQuuDLAAZ9BU8KoUa1ds="></latexit>

` 2 N
<latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit><latexit sha1_base64="n9ju9S3EO9lx7zo6gxYEFKI9fzo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0GXRjSupYB/QhDKZTtqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F05vC7z1SqVgsHnSWUD/CY8FCRrA20tCue5Rz5DGBvAjrSRDkd7Oh3XCazhxolbglaUCJ9tD+8kYxSSMqNOFYqYHrJNrPsdSMcDqreamiCSZTPKYDQwWOqPLzefgZOjXKCIWxNE9oNFd/b+Q4UiqLAjNZJFTLXiH+5w1SHV75ORNJqqkgi0NhypGOUdEEGjFJieaZIZhIZrIiMsESE236qpkS3OUvr5LuedN1mu79RaN1XdZRhWM4gTNw4RJacAtt6ACBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9GlpSF</latexit>

�
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“Partial” majorizing
What if j doesn’t have more k-walks for all k, just some?
[Horton, K., Sullivan]
Theorem. Let G be undirected and unweighted, and suppose nodes i and j
satisfy [A`1]j > [A`1]i for ` = 1, · · · , t. Then the Katz Centrality for nodes i

and j satisfies C(j,�) > C(i,�) for all � 2
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Recall: Katz domain is



“Partial” majorizing
What if j doesn’t have more k-walks for all k, just some?
[Horton, K., Sullivan]

Corollary: if d(j) > d(i) then j ranks above i for    near 0�
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Theorem. Let G be undirected and unweighted, and suppose nodes i and j
satisfy [A`1]j > [A`1]i for ` = 1, · · · , t. Then the Katz Centrality for nodes i
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“Partial” majorizing
What if j doesn’t have more k-walks for all k, just some?
[Horton, K., Sullivan]

Theorem: [Klymko, Benzi 2015] “On the Limiting behavior…” 
For f, M, nonnegative s,

Cf (·,�) !
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degree centrality, as
eigenvector centrality, as 

� ! 0+
<latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit><latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit><latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit><latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit>

� ! ��
max

<latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit><latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit><latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit><latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit>

Corollary: if d(j) > d(i) then j ranks above i for    near 0�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Theorem. Let G be undirected and unweighted, and suppose nodes i and j
satisfy [A`1]j > [A`1]i for ` = 1, · · · , t. Then the Katz Centrality for nodes i

and j satisfies C(j,�) > C(i,�) for all � 2
⇣
0, 1

�1
· 1
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<latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit><latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit><latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit><latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit>



“Partial” majorizing

Our bound makes explicit the rate of convergence here:

Theorem: [Klymko, Benzi 2015] “On the Limiting behavior…” 
For f, M, nonnegative s,

Cf (·,�) !
<latexit sha1_base64="tGUg/6WSq0839Qd1ubS5O98/5jA=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCBSmJCHos9uKxgv2AJoTNdtMu3WTD7kQppScv/hUvHhTx6m/w5r9x2+ag1QcDj/dmmJkXpoJrcJwvq7C0vLK6VlwvbWxube/Yu3stLTNFWZNKIVUnJJoJnrAmcBCskypG4lCwdjisT/32HVOay+QWRinzY9JPeMQpASMF9mE9iCoe7Uk4xV7IgJxgT/H+AIhS8j6wy07VmQH/JW5OyihHI7A/vZ6kWcwSoIJo3XWdFPwxUcCpYJOSl2mWEjokfdY1NCEx0/549sYEHxulhyOpTCWAZ+rPiTGJtR7FoemMCQz0ojcV//O6GUSX/pgnaQYsofNFUSYwSDzNBPe4YhTEyBBCFTe3YjogilAwyZVMCO7iy39J66zqOlX35rxcu8rjKKIDdIQqyEUXqIauUQM1EUUP6Am9oFfr0Xq23qz3eWvBymf20S9YH98FNJg1</latexit><latexit sha1_base64="tGUg/6WSq0839Qd1ubS5O98/5jA=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCBSmJCHos9uKxgv2AJoTNdtMu3WTD7kQppScv/hUvHhTx6m/w5r9x2+ag1QcDj/dmmJkXpoJrcJwvq7C0vLK6VlwvbWxube/Yu3stLTNFWZNKIVUnJJoJnrAmcBCskypG4lCwdjisT/32HVOay+QWRinzY9JPeMQpASMF9mE9iCoe7Uk4xV7IgJxgT/H+AIhS8j6wy07VmQH/JW5OyihHI7A/vZ6kWcwSoIJo3XWdFPwxUcCpYJOSl2mWEjokfdY1NCEx0/549sYEHxulhyOpTCWAZ+rPiTGJtR7FoemMCQz0ojcV//O6GUSX/pgnaQYsofNFUSYwSDzNBPe4YhTEyBBCFTe3YjogilAwyZVMCO7iy39J66zqOlX35rxcu8rjKKIDdIQqyEUXqIauUQM1EUUP6Am9oFfr0Xq23qz3eWvBymf20S9YH98FNJg1</latexit><latexit sha1_base64="tGUg/6WSq0839Qd1ubS5O98/5jA=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCBSmJCHos9uKxgv2AJoTNdtMu3WTD7kQppScv/hUvHhTx6m/w5r9x2+ag1QcDj/dmmJkXpoJrcJwvq7C0vLK6VlwvbWxube/Yu3stLTNFWZNKIVUnJJoJnrAmcBCskypG4lCwdjisT/32HVOay+QWRinzY9JPeMQpASMF9mE9iCoe7Uk4xV7IgJxgT/H+AIhS8j6wy07VmQH/JW5OyihHI7A/vZ6kWcwSoIJo3XWdFPwxUcCpYJOSl2mWEjokfdY1NCEx0/549sYEHxulhyOpTCWAZ+rPiTGJtR7FoemMCQz0ojcV//O6GUSX/pgnaQYsofNFUSYwSDzNBPe4YhTEyBBCFTe3YjogilAwyZVMCO7iy39J66zqOlX35rxcu8rjKKIDdIQqyEUXqIauUQM1EUUP6Am9oFfr0Xq23qz3eWvBymf20S9YH98FNJg1</latexit><latexit sha1_base64="tGUg/6WSq0839Qd1ubS5O98/5jA=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCBSmJCHos9uKxgv2AJoTNdtMu3WTD7kQppScv/hUvHhTx6m/w5r9x2+ag1QcDj/dmmJkXpoJrcJwvq7C0vLK6VlwvbWxube/Yu3stLTNFWZNKIVUnJJoJnrAmcBCskypG4lCwdjisT/32HVOay+QWRinzY9JPeMQpASMF9mE9iCoe7Uk4xV7IgJxgT/H+AIhS8j6wy07VmQH/JW5OyihHI7A/vZ6kWcwSoIJo3XWdFPwxUcCpYJOSl2mWEjokfdY1NCEx0/549sYEHxulhyOpTCWAZ+rPiTGJtR7FoemMCQz0ojcV//O6GUSX/pgnaQYsofNFUSYwSDzNBPe4YhTEyBBCFTe3YjogilAwyZVMCO7iy39J66zqOlX35rxcu8rjKKIDdIQqyEUXqIauUQM1EUUP6Am9oFfr0Xq23qz3eWvBymf20S9YH98FNJg1</latexit> {

<latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit>

degree centrality, as
eigenvector centrality, as 

� ! 0+
<latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit><latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit><latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit><latexit sha1_base64="yUsX8U6+oFB+aMtHt4NVanDIifY=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsiqDHoBePEcwDsmuYncwmQ2ZnlpleJSwBf8WLB0W8+h3e/Bsnj4MmFjQUVd10d0Wp4AY879spLC2vrK4V10sbm1vbO+7uXsOoTFNWp0oo3YqIYYJLVgcOgrVSzUgSCdaMBtdjv/nAtOFK3sEwZWFCepLHnBKwUsc9CCIGBAea9/pAtFaP2Ls/7bhlr+JNgBeJPyNlNEOt434FXUWzhEmgghjT9r0Uwpxo4FSwUSnIDEsJHZAea1sqScJMmE/OH+Fjq3RxrLQtCXii/p7ISWLMMIlsZ0Kgb+a9sfif184gvgxzLtMMmKTTRXEmMCg8zgJ3uWYUxNASQjW3t2LaJ5pQsImVbAj+/MuLpHFW8b2Kf3terl7N4iiiQ3SETpCPLlAV3aAaqiOKcvSMXtGb8+S8OO/Ox7S14Mxm9tEfOJ8/W8eVEw==</latexit>

� ! ��
max

<latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit><latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit><latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit><latexit sha1_base64="PCmtvR7KCccPfAWSVw4GKM0NWsM=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEG8OdCFoGbSwjmA9IzjC32SRL9j7YnVPDkdLGv2JjoYitP8HOf+MmuUITHww83pthZp4fS6HRcb6t3MLi0vJKfrWwtr6xuWVv79R0lCjGqyySkWr4oLkUIa+iQMkbseIQ+JLX/cHl2K/fcaVFFN7gMOZeAL1QdAUDNFLb3m/5HIG2lOj1EZSK7ulEaacBPIxuj9t20Sk5E9B54makSDJU2vZXqxOxJOAhMglaN10nRi8FhYJJPiq0Es1jYAPo8aahIQRce+nkkRE9NEqHdiNlKkQ6UX9PpBBoPQx80xkA9vWsNxb/85oJds+9VIRxgjxk00XdRFKM6DgV2hGKM5RDQ4ApYW6lrA8KGJrsCiYEd/bleVI7KblOyb0+LZYvsjjyZI8ckCPikjNSJlekQqqEkUfyTF7Jm/VkvVjv1se0NWdlM7vkD6zPH9+7md4=</latexit>

What if j doesn’t have more k-walks for all k, just some?
[Horton, K., Sullivan]
Theorem. Let G be undirected and unweighted, and suppose nodes i and j
satisfy [A`1]j > [A`1]i for ` = 1, · · · , t. Then the Katz Centrality for nodes i

and j satisfies C(j,�) > C(i,�) for all � 2
⇣
0, 1

�1
· 1
(2

p
n�1)1/t

⌘
.

<latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit><latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit><latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit><latexit sha1_base64="ItSiRLz/F9vxP0UbNMBZcW6LGso="></latexit>



• when can i,j have same score? 

• what does it mean if they do? 

• when can we say i,j never have same score?

Questions
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Back to collisions…

Values     where
Cf (j,�) = Cf (i,�)

<latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit><latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit><latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

How many times 
can this occur?



Number of collisions is bounded
Theorem: [Benzi, 2014] 
If                      for all     in a set with an accumulation point, 
then it holds for all     .

e�Ajj = e�Aii
<latexit sha1_base64="7phjhm4QJEAuqeuyIdMMe1ihUtA="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="9qj6iHS+EdKXa/muR3yiHkgoYGs="></latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>



Number of collisions is bounded
Theorem: [Benzi, 2014] 
If                      for all     in a set with an accumulation point, 
then it holds for all     .

e�Ajj = e�Aii
<latexit sha1_base64="7phjhm4QJEAuqeuyIdMMe1ihUtA="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="9qj6iHS+EdKXa/muR3yiHkgoYGs="></latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Theorem: [Horton, K., Sullivan] 
If                              for an infinite number of   , 
then it holds for all    in the domain of f.

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Cf (j,�) = Cf (i,�)
<latexit sha1_base64="hFjgaORq5guf/PchyVrsV2IPCMs="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="owOkKXwSLDaArXt9uYLxalSKPgU=">AAACQ3icdZDLSgMxFIYz3q23VpciBIugImXGjW4E0Y1LhVYLbSmZ9IyNJpkhOaOUoSufxq0+gw/hM7gTt4JpO+INDwS+8/85cM4fJlJY9P1nb2x8YnJqema2MDe/sLhULC2f2zg1HGo8lrGph8yCFBpqKFBCPTHAVCjhIrw+HvgXN2CsiHUVewm0FLvUIhKcoZPaxbXjdrR5tUObISDbogd00IvPvl0s+xV/WPQvBDmUSV6n7ZK32OzEPFWgkUtmbSPwE2xlzKDgEvqFZmohYfyaXULDoWYKbCsb3tGnG07p0Cg27mmkQ/X7RMaUtT0Vup+KYdf+9gbifx521Zel4Ra7EBtQ25nq5djPqjn83BKj/VYmdJIiaD5aMkolxZgOAqUdYYCj7Dlg3Ah3J+VdZhhHF3vBJRj8zusvnO9WAr8SnPnlw6M8yxmyStbJJgnIHjkkJ+SU1Agnd+SePJBH78l78V69t9HXMS+fWSE/ynv/ABVwrpE=</latexit>



Number of collisions is bounded
Theorem: [Benzi, 2014] 
If                      for all     in a set with an accumulation point, 
then it holds for all     .

e�Ajj = e�Aii
<latexit sha1_base64="7phjhm4QJEAuqeuyIdMMe1ihUtA="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="9qj6iHS+EdKXa/muR3yiHkgoYGs="></latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Theorem: [Horton, K., Sullivan] 
If                              for an infinite number of   , 
then it holds for all    in the domain of f.

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Cf (j,�) = Cf (i,�)
<latexit sha1_base64="hFjgaORq5guf/PchyVrsV2IPCMs="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="owOkKXwSLDaArXt9uYLxalSKPgU=">AAACQ3icdZDLSgMxFIYz3q23VpciBIugImXGjW4E0Y1LhVYLbSmZ9IyNJpkhOaOUoSufxq0+gw/hM7gTt4JpO+INDwS+8/85cM4fJlJY9P1nb2x8YnJqema2MDe/sLhULC2f2zg1HGo8lrGph8yCFBpqKFBCPTHAVCjhIrw+HvgXN2CsiHUVewm0FLvUIhKcoZPaxbXjdrR5tUObISDbogd00IvPvl0s+xV/WPQvBDmUSV6n7ZK32OzEPFWgkUtmbSPwE2xlzKDgEvqFZmohYfyaXULDoWYKbCsb3tGnG07p0Cg27mmkQ/X7RMaUtT0Vup+KYdf+9gbifx521Zel4Ra7EBtQ25nq5djPqjn83BKj/VYmdJIiaD5aMkolxZgOAqUdYYCj7Dlg3Ah3J+VdZhhHF3vBJRj8zusvnO9WAr8SnPnlw6M8yxmyStbJJgnIHjkkJ+SU1Agnd+SePJBH78l78V69t9HXMS+fWSE/ynv/ABVwrpE=</latexit>

Proof: We show C is analytic and use the Identity Theorem.



Number of collisions is bounded
Theorem: [Benzi, 2014] 
If                      for all     in a set with an accumulation point, 
then it holds for all     .

e�Ajj = e�Aii
<latexit sha1_base64="7phjhm4QJEAuqeuyIdMMe1ihUtA="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="ZJvnVn6AyAycTJKsUD4P0hbO/VY="></latexit><latexit sha1_base64="9qj6iHS+EdKXa/muR3yiHkgoYGs="></latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Theorem: [Horton, K., Sullivan] 
If                              for an infinite number of   , 
then it holds for all    in the domain of f.

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Cf (j,�) = Cf (i,�)
<latexit sha1_base64="hFjgaORq5guf/PchyVrsV2IPCMs="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="owOkKXwSLDaArXt9uYLxalSKPgU=">AAACQ3icdZDLSgMxFIYz3q23VpciBIugImXGjW4E0Y1LhVYLbSmZ9IyNJpkhOaOUoSufxq0+gw/hM7gTt4JpO+INDwS+8/85cM4fJlJY9P1nb2x8YnJqema2MDe/sLhULC2f2zg1HGo8lrGph8yCFBpqKFBCPTHAVCjhIrw+HvgXN2CsiHUVewm0FLvUIhKcoZPaxbXjdrR5tUObISDbogd00IvPvl0s+xV/WPQvBDmUSV6n7ZK32OzEPFWgkUtmbSPwE2xlzKDgEvqFZmohYfyaXULDoWYKbCsb3tGnG07p0Cg27mmkQ/X7RMaUtT0Vup+KYdf+9gbifx521Zel4Ra7EBtQ25nq5djPqjn83BKj/VYmdJIiaD5aMkolxZgOAqUdYYCj7Dlg3Ah3J+VdZhhHF3vBJRj8zusvnO9WAr8SnPnlw6M8yxmyStbJJgnIHjkkJ+SU1Agnd+SePJBH78l78V69t9HXMS+fWSE/ynv/ABVwrpE=</latexit>

Proof: We show C is analytic and use the Identity Theorem.

Corollary: 
This proves that the number of distinct rankings 
Produces is finite! 

Cf (·, ·)
<latexit sha1_base64="nVVb7DsxnkBurGcXRpWqjBQIyk0="></latexit><latexit sha1_base64="VuZoy0sHbaixQ+bE8Koi1KWov+w=">AAACN3icdZDJSgNBEIZ73I1bokcvjQuoSJjxokfRi0eFJAomhJ5OjWnsZeiuUcKQR/GqbyB49ik8eROvHvRsZwE3LGj64/+roOqPUykchuFTMDI6Nj4xOTVdmJmdm18olhZrzmSWQ5UbaexZzBxIoaGKAiWcpRaYiiWcxpeHPf/0CqwTRlewk0JDsQstEsEZeqlZLB02k406bxncpv1vs1lcDcthv+hfiIawur/2fv94NfNx3CwF8/WW4ZkCjVwy586jMMVGziwKLqFbqGcOUsYv2QWce9RMgWvk/d27dN0rLZoY659G2le/T+RMOddRse9UDNvut9cT//Owrb4sDdfYBmNBbeWqM8RuXhnCzy0x2WvkQqcZguaDJZNMUjS0FyJtCQscZccD41b4OylvM8s4+qgLPsHod15/obZTjsJydOKjPCCDmiLLZIVskIjskn1yRI5JlXByTW7ILbkLHoLn4CV4HbSOBMOZJfKjgrdP1G6viQ==</latexit><latexit sha1_base64="VuZoy0sHbaixQ+bE8Koi1KWov+w=">AAACN3icdZDJSgNBEIZ73I1bokcvjQuoSJjxokfRi0eFJAomhJ5OjWnsZeiuUcKQR/GqbyB49ik8eROvHvRsZwE3LGj64/+roOqPUykchuFTMDI6Nj4xOTVdmJmdm18olhZrzmSWQ5UbaexZzBxIoaGKAiWcpRaYiiWcxpeHPf/0CqwTRlewk0JDsQstEsEZeqlZLB02k406bxncpv1vs1lcDcthv+hfiIawur/2fv94NfNx3CwF8/WW4ZkCjVwy586jMMVGziwKLqFbqGcOUsYv2QWce9RMgWvk/d27dN0rLZoY659G2le/T+RMOddRse9UDNvut9cT//Owrb4sDdfYBmNBbeWqM8RuXhnCzy0x2WvkQqcZguaDJZNMUjS0FyJtCQscZccD41b4OylvM8s4+qgLPsHod15/obZTjsJydOKjPCCDmiLLZIVskIjskn1yRI5JlXByTW7ILbkLHoLn4CV4HbSOBMOZJfKjgrdP1G6viQ==</latexit><latexit sha1_base64="YIe9mqEhJFfS8bNrGAlazF4Zq58=">AAACN3icdZDJSgNBEIZ73I1bokcvjUFQkTDjRY+iF48KZgETQk+nxjT2MnTXGMKQR/Gqz+CjePImXn0DO3HAJVjQ9Mf/V0HVH6dSOAzDl2Bmdm5+YXFpubSyura+Ua5sNpzJLIc6N9LYVswcSKGhjgIltFILTMUSmvHd+dhv3oN1wuhrHKbQUexWi0Rwhl7qlivn3WSvzXsGD+nk2++Wq2EtnBSdhqiAKinqslsJ1ts9wzMFGrlkzt1EYYqdnFkUXMKo1M4cpIzfsVu48aiZAtfJJ7uP6K5XejQx1j+NdKL+nMiZcm6oYt+pGPbdX28s/udhX31bGgbYB2NBHeRqWOAovy7g95aYnHRyodMMQfOvJZNMUjR0HCLtCQsc5dAD41b4OynvM8s4+qhLPsHob17T0DiqRWEtugqrp2dFlktkm+yQPRKRY3JKLsglqRNOBuSBPJKn4Dl4Dd6C96/WmaCY2SK/Kvj4BAv5q0A=</latexit>



Number of collisions is bounded

Theorem: [Horton, K., Sullivan] 
If f is the resolvent,                  , then i,j collide <= m-1 times, 
unless they collide for all    .
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�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>
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Number of collisions is bounded

Theorem: [Horton, K., Sullivan] 
If f is the resolvent,                  , then i,j collide <= m-1 times, 
unless they collide for all    .
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Corollary: [Horton, K., Sullivan] 
PageRank and Katz induce at most O(n^3) distinct rankings.

• Trivial upper bound is (n!) 

• Do other f induce more rankings? Is that better? 

• Find a bound for f(x) = e^x

Degree of min poly
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Too many collisions…

Cf (j,�) = Cf (i,�)
<latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit><latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit><latexit sha1_base64="WfY7QpNoMEJ2I/yFcsYcmBkMcv8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqSElE0I1Q7MZlBfuANoTJdNKOnTyYuRFK6MqNv+LGhSJu/QZ3/o2TNoK2Hhg495x7uXOPFwuuwLK+jIXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNa5nfumdS8Si8hVHMnID0Q+5zSkBLrnlQc/3y3QnuegzIMb7EWc1/atcsWRVrAjxP7JyUUI66a352exFNAhYCFUSpjm3F4KREAqeCjYvdRLGY0CHps46mIQmYctLJGWN8pJUe9iOpXwh4ov6eSEmg1CjwdGdAYKBmvUz8z+sk4F84KQ/jBFhIp4v8RGCIcJYJ7nHJKIiRJoRKrv+K6YBIQkEnV9Qh2LMnz5PmacW2KvbNWal6lcdRQPvoEJWRjc5RFV2jOmogih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2B8fAMecpZX</latexit>

What causes i,j to have “too many” collisions?

Holds for all     …�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>



How do walk structure and centrality behavior relate?

Cf (j,�) = [f(�M)s(j)]j
<latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit>

• when can i,j have same score? 

• what does it mean if they do? 

• when can we say i,j never have same score? 

• If i,j “walk the same” how do scores compare? 

Questions



How do walk structure and centrality behavior relate?

Cf (j,�) = [f(�M)s(j)]j
<latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit><latexit sha1_base64="ve/dzhQuvpvvVer3fo20GF+H20g="></latexit>

• when can i,j have same score? 

• what does it mean if they do? 

• when can we say i,j never have same score? 

• If i,j “walk the same” how do scores compare? 

Questions

Nodes i,j have “too many” collisions iff same walk structure



Walk structure determines centrality behavior

C(j,�) =
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j
<latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit>
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<latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit>

Walk structure determines centrality behavior
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<latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit><latexit sha1_base64="Hu60dWRjdDJcJ1eG9pDfjOet46E="></latexit>

Walk structure determines centrality behavior

Proposition:

h
Mks(j)

i

j
=

h
Mks(i)

i

i
<latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit><latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit><latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit><latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit>

then for all f and 

Cf (j,�) ⌘ Cf (i,�)
<latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit><latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit><latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit><latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit>

If for k = 0, … , m-1 �
<latexit sha1_base64="8MzdY9xWePsViGumrVRX3IPm9UE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpF262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIY8rxvp7S2vrG5Vd6u7Ozu7R9UD4/aJsk0xxZPZKI7ITMohcIWCZLYSTWyOJT4GI5vZ/7jE2ojEvVAkxSDmA2ViARnZKVWL0Ri/WrNq3tzuKvEL0gNCjT71a/eIOFZjIq4ZMZ0fS+lIGeaBJc4rfQygynjYzbErqWKxWiCfH7s1D2zysCNEm1LkTtXf0/kLDZmEoe2M2Y0MsveTPzP62YUXQe5UGlGqPhiUZRJlxJ39rk7EBo5yYkljGthb3X5iGnGyeZTsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQcBz/AKb45yXpx352PRWnKKmWP4A+fzB8PWjqQ=</latexit><latexit sha1_base64="8MzdY9xWePsViGumrVRX3IPm9UE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpF262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIY8rxvp7S2vrG5Vd6u7Ozu7R9UD4/aJsk0xxZPZKI7ITMohcIWCZLYSTWyOJT4GI5vZ/7jE2ojEvVAkxSDmA2ViARnZKVWL0Ri/WrNq3tzuKvEL0gNCjT71a/eIOFZjIq4ZMZ0fS+lIGeaBJc4rfQygynjYzbErqWKxWiCfH7s1D2zysCNEm1LkTtXf0/kLDZmEoe2M2Y0MsveTPzP62YUXQe5UGlGqPhiUZRJlxJ39rk7EBo5yYkljGthb3X5iGnGyeZTsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQcBz/AKb45yXpx352PRWnKKmWP4A+fzB8PWjqQ=</latexit><latexit sha1_base64="8MzdY9xWePsViGumrVRX3IPm9UE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpF262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIY8rxvp7S2vrG5Vd6u7Ozu7R9UD4/aJsk0xxZPZKI7ITMohcIWCZLYSTWyOJT4GI5vZ/7jE2ojEvVAkxSDmA2ViARnZKVWL0Ri/WrNq3tzuKvEL0gNCjT71a/eIOFZjIq4ZMZ0fS+lIGeaBJc4rfQygynjYzbErqWKxWiCfH7s1D2zysCNEm1LkTtXf0/kLDZmEoe2M2Y0MsveTPzP62YUXQe5UGlGqPhiUZRJlxJ39rk7EBo5yYkljGthb3X5iGnGyeZTsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQcBz/AKb45yXpx352PRWnKKmWP4A+fzB8PWjqQ=</latexit>

degree of 
min poly of M



Walk structure determines centrality behavior

Proposition:
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<latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit><latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit><latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit><latexit sha1_base64="ZrToCQhH7q+pyjhESWMj1AYJ1LI=">AAACRnichVBNSyNBFHwT3VXj7hr16KUxLOglzCyCXoSgFy+CgolCZjb0dN4kbXo+6H4jhiG/zotnb/4ELx4U8WrnA/ELLGi6qKpHv64wU9KQ6946pZnZHz/n5hfKi79+/1mqLK80TZprgQ2RqlSfhdygkgk2SJLCs0wjj0OFp2F/f+SfXqA2Mk1OaJBhEPNuIiMpOFmpXQl8hRG1mB+mqmMGsb2Kw+H/vk94SWFUmOHG+aavZb dHQfuc7bLv8/I1L9uVqltzx2CfiTclVZjiqF258TupyGNMSChuTMtzMwoKrkkKhcOynxvMuOjzLrYsTXiMJijGNQzZX6t0WJRqexJiY/XtRMFjM1rZJmNOPfPRG4lfea2cop2gkEmWEyZi8lCUK0YpG3XKOlKjIDWwhAst7a5M9LjmgmzzZVuC9/HLn0nzX81za97xVrW+N61jHtZgHTbAg22owwEcQQMEXMEdPMCjc+3cO0/O8yRacqYzq/AOJXgBU1mzbQ==</latexit>

then for all f and 

Cf (j,�) ⌘ Cf (i,�)
<latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit><latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit><latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit><latexit sha1_base64="RLOGVLhoO2dfiHU0ico2H1jvUwg=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKkiZEUGXxW5cVrAX6Awlk55pYzOZMckUSuneja/ixoUibn0Bd76NmbaCtv4Q+PnOOZyc3485U9q2v6zMyura+kZ2M7e1vbO7l98/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/UE3rzSFIxSJxq0cxeCHpCRYwSrRBnXyh2glKd6fY9UGTE+zCfcKGOIXsB3byRbtsT4WXjTM3RTRXrZP/dLsRTUIQmnKiVNuxY+2NidSMcpjk3ERBTOiA9KBtrCAhKG88vWWCjw3p4iCS5gmNp/T3xJiESo1C33SGRPfVYi2F/9XaiQ4uvTETcaJB0NmiIOFYRzgNBneZBKr5yBhCJTN/xbRPJKHaxJczITiLJy+bxlnZscvOzXmxcjWPI4uOUAGVkIMuUAVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9aMNZ85RH9kfXwDilSY0g==</latexit>

If for k = 0, … , m-1 �
<latexit sha1_base64="8MzdY9xWePsViGumrVRX3IPm9UE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpF262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIY8rxvp7S2vrG5Vd6u7Ozu7R9UD4/aJsk0xxZPZKI7ITMohcIWCZLYSTWyOJT4GI5vZ/7jE2ojEvVAkxSDmA2ViARnZKVWL0Ri/WrNq3tzuKvEL0gNCjT71a/eIOFZjIq4ZMZ0fS+lIGeaBJc4rfQygynjYzbErqWKxWiCfH7s1D2zysCNEm1LkTtXf0/kLDZmEoe2M2Y0MsveTPzP62YUXQe5UGlGqPhiUZRJlxJ39rk7EBo5yYkljGthb3X5iGnGyeZTsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQcBz/AKb45yXpx352PRWnKKmWP4A+fzB8PWjqQ=</latexit><latexit sha1_base64="8MzdY9xWePsViGumrVRX3IPm9UE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpF262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIY8rxvp7S2vrG5Vd6u7Ozu7R9UD4/aJsk0xxZPZKI7ITMohcIWCZLYSTWyOJT4GI5vZ/7jE2ojEvVAkxSDmA2ViARnZKVWL0Ri/WrNq3tzuKvEL0gNCjT71a/eIOFZjIq4ZMZ0fS+lIGeaBJc4rfQygynjYzbErqWKxWiCfH7s1D2zysCNEm1LkTtXf0/kLDZmEoe2M2Y0MsveTPzP62YUXQe5UGlGqPhiUZRJlxJ39rk7EBo5yYkljGthb3X5iGnGyeZTsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQcBz/AKb45yXpx352PRWnKKmWP4A+fzB8PWjqQ=</latexit><latexit sha1_base64="8MzdY9xWePsViGumrVRX3IPm9UE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpF262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIY8rxvp7S2vrG5Vd6u7Ozu7R9UD4/aJsk0xxZPZKI7ITMohcIWCZLYSTWyOJT4GI5vZ/7jE2ojEvVAkxSDmA2ViARnZKVWL0Ri/WrNq3tzuKvEL0gNCjT71a/eIOFZjIq4ZMZ0fS+lIGeaBJc4rfQygynjYzbErqWKxWiCfH7s1D2zysCNEm1LkTtXf0/kLDZmEoe2M2Y0MsveTPzP62YUXQe5UGlGqPhiUZRJlxJ39rk7EBo5yYkljGthb3X5iGnGyeZTsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQcBz/AKb45yXpx352PRWnKKmWP4A+fzB8PWjqQ=</latexit>

degree of 
min poly of M

Identical walk structure…

Identical walk centrality



Walk structure determines centrality behavior

Identical walk structure…

Identical walk centrality

Theorem: [Horton, K., Sullivan] 
If                              for an infinite number of   , 
then it holds for all    in the domain of f.

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

�
<latexit sha1_base64="P96Hj+J6RHuUrcnoDnuoW14ko6M=">AAACKXicdZBNSgNBEIVr4n/8i7rUxaAI4iLMuNFl0I3LBIwKJkhPp5I06e4ZumuUMOQMbvUMXsBruFNXghex8yOaBAsaPt6rgtcvSqSwFATvXm5mdm5+YXEpv7yyurZe2Ni8tHFqOFZ5LGNzHTGLUmiskiCJ14lBpiKJV1HnrO9f3aGxItYX1E2wrlhLi6bgjJxUrUVI7LawFxSDwfjTEI5gr7TzUvkEgPLthrdWa8Q8VaiJS2btTRgkVM+YIcEl9vK11GLCeIe18MahZgptPRuk7fn7Tmn4zdi4p8kfqH8vMqas7arIbSpGbTvp9cX/PGqrX0vjPbUxNqgOM9UdYS/7gfGU1DypZ0InKaHmw5DNVPoU+/3a/IYwyEl2HTBuhPunz9vMME6u3LxrMJzsaxouj4phUAwrrspTGM4ibMMuHEAIx1CCcyhDFTgIeIBHePKevVfvzfsYrua80c0WjI339Q3Ra6lD</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="9uLlL3K4pgdINP/eqLgXyS6ALMk=">AAACKXicdZDNSgMxFIUz9b/+61KRoAjiosy40aXoxqUFpy20RTLpbRtMMkNyRxmGLl271WfwBXwNd+rWpS9h+iNqxQuBj3PuhZMTJVJY9P1XrzAxOTU9MztXnF9YXFpeWV2r2Dg1HEIey9jUImZBCg0hCpRQSwwwFUmoRlenfb96DcaKWF9glkBTsY4WbcEZOilsRIDscmXHL/mDoX8hGMHO8eZT+eN26+n8ctVbarRinirQyCWzth74CTZzZlBwCb1iI7WQMH7FOlB3qJkC28wHaXt01ykt2o6NexrpQP15kTNlbaYit6kYdu241xf/87Crvi0NN9iF2IDaz1U2wl7+Bb9TYvuomQudpAiaD0O2U0kxpv3aaEsY4CgzB4wb4f5JeZcZxtGVW3QNBuN9/YXKQSnwS0HZVXlChjNLNsg22SMBOSTH5Iyck5BwIsgduScP3qP37L14b8PVgje6WSe/xnv/BAUNqqk=</latexit><latexit sha1_base64="YSE3CPBUEYMqjhnVNiEd1gZnIwM=">AAACKXicdZDNTgIxFIU7/iIqgi7dTCQmxgWZcaNLohuXmDhAAoR0ygUa2s6kvaMhE57BrT6DT+NO3foiFhijQLxJky/n3JucnjAW3KDnfThr6xubW9u5nfzu3n7hoFg6rJso0QwCFolIN0NqQHAFAXIU0Iw1UBkKaISjm6nfeABteKTucRxDR9KB4n3OKFopaIeAtFssexVvNu4q+BmUSTa1bskptHsRSyQoZIIa0/K9GDsp1ciZgEm+nRiIKRvRAbQsKirBdNJZ2ol7apWe24+0fQrdmfr3IqXSmLEM7aakODTL3lT8z8Oh/LUUPOIQIg3yPJXjDCfpDyymxP5VJ+UqThAUm4fsJ8LFyJ3W5va4BoZibIEyze0/XTakmjK05eZtg/5yX6tQv6j4XsW/88rV66zLHDkmJ+SM+OSSVMktqZGAMMLJE3kmL86r8+a8O5/z1TUnuzkiC+N8fQM3AKb+</latexit>

Cf (j,�) = Cf (i,�)
<latexit sha1_base64="hFjgaORq5guf/PchyVrsV2IPCMs="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="owOkKXwSLDaArXt9uYLxalSKPgU=">AAACQ3icdZDLSgMxFIYz3q23VpciBIugImXGjW4E0Y1LhVYLbSmZ9IyNJpkhOaOUoSufxq0+gw/hM7gTt4JpO+INDwS+8/85cM4fJlJY9P1nb2x8YnJqema2MDe/sLhULC2f2zg1HGo8lrGph8yCFBpqKFBCPTHAVCjhIrw+HvgXN2CsiHUVewm0FLvUIhKcoZPaxbXjdrR5tUObISDbogd00IvPvl0s+xV/WPQvBDmUSV6n7ZK32OzEPFWgkUtmbSPwE2xlzKDgEvqFZmohYfyaXULDoWYKbCsb3tGnG07p0Cg27mmkQ/X7RMaUtT0Vup+KYdf+9gbifx521Zel4Ra7EBtQ25nq5djPqjn83BKj/VYmdJIiaD5aMkolxZgOAqUdYYCj7Dlg3Ah3J+VdZhhHF3vBJRj8zusvnO9WAr8SnPnlw6M8yxmyStbJJgnIHjkkJ+SU1Agnd+SePJBH78l78V69t9HXMS+fWSE/ynv/ABVwrpE=</latexit>



Definition: 
 A walk-class = all nodes in G with identical “walk tuples”

⇣⇥
M0s(j)

⇤
j
,
⇥
M1s(j)

⇤
j
, · · · ,

⇥
Mm�1s(j)

⇤
j

⌘

<latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit><latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit><latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit><latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit>

Walk-classes and iso-centrality



Walk-classes and iso-centrality

Theorem: [Horton, K., Sullivan] The following are equivalent: 
1. Nodes i,j are in the same walk-class 
2. Nodes i,j have >= m Katz collisions 
3. Nodes i,j have identical walk centrality: 
�   for all f and  Cf (j,�) = Cf (i,�)

<latexit sha1_base64="hFjgaORq5guf/PchyVrsV2IPCMs="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="levqN7bfBQFe268wLpEY5J2UL28="></latexit><latexit sha1_base64="owOkKXwSLDaArXt9uYLxalSKPgU=">AAACQ3icdZDLSgMxFIYz3q23VpciBIugImXGjW4E0Y1LhVYLbSmZ9IyNJpkhOaOUoSufxq0+gw/hM7gTt4JpO+INDwS+8/85cM4fJlJY9P1nb2x8YnJqema2MDe/sLhULC2f2zg1HGo8lrGph8yCFBpqKFBCPTHAVCjhIrw+HvgXN2CsiHUVewm0FLvUIhKcoZPaxbXjdrR5tUObISDbogd00IvPvl0s+xV/WPQvBDmUSV6n7ZK32OzEPFWgkUtmbSPwE2xlzKDgEvqFZmohYfyaXULDoWYKbCsb3tGnG07p0Cg27mmkQ/X7RMaUtT0Vup+KYdf+9gbifx521Zel4Ra7EBtQ25nq5djPqjn83BKj/VYmdJIiaD5aMkolxZgOAqUdYYCj7Dlg3Ah3J+VdZhhHF3vBJRj8zusvnO9WAr8SnPnlw6M8yxmyStbJJgnIHjkkJ+SU1Agnd+SePJBH78l78V69t9HXMS+fWSE/ynv/ABVwrpE=</latexit> �
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Definition: 
 A walk-class = all nodes in G with identical “walk tuples”

⇣⇥
M0s(j)

⇤
j
,
⇥
M1s(j)

⇤
j
, · · · ,

⇥
Mm�1s(j)

⇤
j

⌘

<latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit><latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit><latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit><latexit sha1_base64="BZologD3ZpZ37GCJYFWn6Ay7we4="></latexit>



Walk-classes and iso-centrality

Definition: 
 We say nodes satisfying these properties are isocentral.

Theorem: [Horton, K., Sullivan] The following are equivalent: 
1. Nodes i,j are in the same walk-class 
2. Nodes i,j have >= m Katz collisions 
3. Nodes i,j have identical walk centrality: 
�   for all f and  Cf (j,�) = Cf (i,�)
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Walk-classes in Zachary’s Karate Club
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Walk-classes in Zachary’s Karate Club
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Collisions are abundant; Iso-centrality is not
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Walk-classes and iso-centrality

Definition: 
 We say nodes satisfying these properties are isocentral.

Theorem: [Horton, K., Sullivan] The following are equivalent: 
1. Nodes i,j are in the same walk-class 
2. Nodes i,j have >= m Katz collisions 
3. Nodes i,j have identical walk centrality: 
�   for all f and 
4.   Nodes i,j have the “same” eigenvector centrality
Cf (j,�) = Cf (i,�)
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Theorem. Let M 2 Rn⇥n be diagonalizable with |�1| > · · · > |�m|, and eigen-
decomposition M =

Pm
k=1 �kV kU

T
k . Then nodes i, j are in the same walk-class

if and only if [V kU
T
k s(i)]i = [V kU

T
k s(j)]j holds for k = 1, · · · ,m.
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Walk-class determines centrality behavior



Theorem: 
Nodes in a walk-class have “same” eigenvector centrality: 
       i,j in the same walk-class if and only if 
                                                    for each k = 1, … , m [V kU

T
k s(i)]i = [V kU

T
k s(j)]j
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Theorem. Let M 2 Rn⇥n be diagonalizable with |�1| > · · · > |�m|, and eigen-
decomposition M =

Pm
k=1 �kV kU

T
k . Then nodes i, j are in the same walk-class

if and only if [V kU
T
k s(i)]i = [V kU

T
k s(j)]j holds for k = 1, · · · ,m.
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Walk-class determines centrality behavior



Theorem: 
Nodes in a walk-class have “same” eigenvector centrality: 
       i,j in the same walk-class if and only if 
                                                    for each k = 1, … , m [V kU

T
k s(i)]i = [V kU

T
k s(j)]j
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Depending on s and M, this means i, j have same… 
     - Perron-Frobenius — eigenvector score 
     - Fiedler vector — score magnitude 
     - spectral clustering —positions symmetric in embedding

Walk-class determines centrality behavior



Example Nodes in a walk-class <-> same spectral clustering

Walk-class determines centrality behavior



Example Nodes in a walk-class <-> same spectral clustering

Embed nodes in  
according to

Rd
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High-light walk classes

Walk-class determines centrality behavior



Example Nodes in a walk-class <-> same spectral clustering
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Walk-class determines centrality behavior
Example Nodes in a walk-class <-> same spectral clustering

“same” position in cluster



Walk-class -> centrality: take-aways

• Iso-centrality can occur in real networks 

• But it’s rare 

• Usual cause: small symmetries, e.g. 
two nodes that have same neighborhood 

• Iso-central nodes have identical walk-centrality, 
walk structure, and “same” eigen-centrality

…



Thank you!

• The more j (partially) majorizes i, 
the larger interval near 0 where j ranks above i 
• # collisions is finite, unless nodes are iso-central 
• Iso-central nodes rare; same walk- and eigen-centrality 
 
Future work: Better understand collision bounds, effect on 
ranking

Concluding thoughts:



Bonus slides, if time



Walk-classes in Spider Donuts
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The spider donut graph family: 

• This spider donut has exactly 3 walk-classes 
• Constructed so they collide simultaneously 
• Also constructed a 4-walk-class spider donut, all 4 class collide simultaneously 
• Motivation: wanted to understand how many walk-classes can be involved in one collision at a single 

parameter value.  


